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We study the simple subfunctors of indecomposable projective
Mackey functors for a p-group P . Unlike the case of group algebras,
the Mackey algebra is not in general self-injective. Thus, the
socle of an indecomposable projective functor is not in general
simple. We ﬁrst show that the simple subfunctors of a projective
functor PH,k , where H  P , are indexed by the normalizer in H of
a subgroup of H . We then study the socle of a speciﬁc projective
Mackey functor, namely the Burnside functor BP , and we focus on
the case where P is abelian. In particular, our study enables us
to determine the socle of an indecomposable projective Mackey
functor indexed by a cyclic p-group, an abelian p-group of rank 2
and an elementary abelian p-group of rank 3.
© 2009 Published by Elsevier Inc.
Introduction
Mackey functors may be seen as modules over a ﬁnite-dimensional algebra, called the Mackey al-
gebra (see [5]). Thévenaz and Webb proved that the Mackey algebra for a ﬁnite group G over a ﬁeld
of characteristic p > 0 is not self-injective when p2 divides the order of G (see [5]). Consequently,
a natural problem that arises is to determine the simple subfunctors, i.e. the socle, of an indecompos-
able projective Mackey functor. In fact, the classiﬁcation of simple Mackey functors (see [6]) gives a
parametrisation of the indecomposable projective Mackey functors. However, we know little about the
structure of such functors. Let us point out that the structure of projective Mackey functor has been
studied in some articles, namely [1] (construction of some standard resolution of Mackey functors),
[7] (construction of a speciﬁc ﬁltration of projective functors), [8] (inﬂation of projective functors) and
[2] (extension group between simple Mackey functors).
We study the socle of projective Mackey functors for a p-group P . In this case, indecomposable
projective Mackey functors are indexed by subgroups of P , just as for simple Mackey functors. We
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dexed by a subgroup H of P is indexed by the normalizer in H of some subgroup of H . In particular,
this implies that in the case where P is abelian, every simple subfunctor of our projective Mackey
functor is indexed by H . Thus, we focus on the case where P is abelian and we show that in this
case, the ﬁrst thing to understand is the socle of the Burnside functor. In particular, we calculate it
in the case of a cyclic p-group, an abelian p-group of rank 2 and an elementary abelian p-group
of rank 3. This enables us to determine the socle of an indecomposable projective Mackey functor
indexed by such a group.
Finally, we prove by an example that there exists a group P such that the Burnside functor for P
possesses simple subfunctors indexed by proper subgroups of P .
Throughout this paper, G denotes a ﬁnite group and k an algebraically closed ﬁeld of character-
istic p. We write H  G (respectively H < G) to indicate that H is a subgroup of G (respectively a
proper subgroup of G). If H and K are subgroups of G , K =G H means that K is G-conjugate to H ,
and similarly we write K G H (respectively K <G H) when K is G-conjugate to a subgroup of H
(respectively a proper subgroup of H). The transporter from K to H , which is {g ∈ G | gK g−1  H}, is
denoted TG (K , H). We denote by [K \ G/H] an arbitrary set of representatives of double cosets K gH .
Finally, for H  G and g ∈ G , we note NG(H) = NG(H)/H , g H = gHg−1 and Hg = g−1Hg .
1. Preliminaries
We shall use the same notation and basic constructions which appear in [5]. Let use summarize
the most basic ones. We will work with Mackey functors for a ﬁnite group G (and mainly a p-
group P ) over an algebraically closed ﬁeld k of characteristic p. If M is such a functor, it possesses
operations of induction I HK : M(K ) → M(H), of restriction RHK : M(H) → M(K ) and of conjugation
cg : M(H) → M(g H) for every K  H  G and g ∈ G . The category of Mackey functors for G over k is
denoted Mackk(G). Mackey functors may also be seen as modules over a ﬁnite-dimensional k-algebra,
denoted μk(G), and called the Mackey algebra (see [5, Section 3]).
Let us rapidly go over some constructions associated to Mackey functors. We denote by
↑GH : Mackk(H) → Mackk(G) the induction and by ↓GH : Mackk(G) → Mackk(H) the restriction of
Mackey functors. Induction of Mackey functors is both right and left adjoint of restriction (see [6,
Proposition 4.2]). Whenever N is a normal subgroup of G and M is a Mackey functor for G/N , we
can form the inﬂation InfGG/N M which is the Mackey functor deﬁned by
InfGG/N M(K ) =
{
0 if K  N,
M(K/N) otherwise.
Simple Mackey functors were classiﬁed by Thévenaz and Webb [6, Theorem 8.3]. Let us expose it.
Proposition 1.1. Let Ω be the set of pairs (H, V ) where H is a subgroup of G and V is a simple kNG(H)-
module, up to isomorphism. Let Ω/G be the set of G-orbits, for the action of G by conjugation. There is a
well-deﬁned map Φ from the set of classes of isomorphism of simple Mackey functors to the set Ω/G, given by
Φ(S) = (H, S(H)) where H is a minimal subgroup with S(H) = 0. Furthermore, Φ is a bijection. If SH,V =
Φ−1(H, V ), then SH,V is the unique minimal subfunctor of (InfNG (H)NG (H) F PV )↑
G
NG (H)
, where F PV is the ﬁxed
point functor (see [6, Section 6]). Moreover, this simple subfunctor is isomorphic to (InfNG (H)
NG (H)
SNG (H)1,V )↑GNG (H) ,
where SNG (H)1,V is the subfunctor of F PV deﬁned by S
NG (H)
1,V ( J ) = Im(I J1 : V → V J ).
Let us next recall the following useful result about simple Mackey functors indexed by the trivial
module k (see [5, Lemma 15.1]).
Lemma 1.2. Let H be a p-subgroup of G. Then SH,k = 0 unless some conjugate of H is a Sylow p-subgroup
of K , in which case SH,k(K ) = k.
2814 M. Nicollerat / Journal of Algebra 321 (2009) 2812–2828Since Mackey functors can be seen as modules over the ﬁnite-dimensional k-algebra μk(G), there
is a bijection between simple Mackey functors and indecomposable projective Mackey functors. More
precisely, every Mackey functor SH,V corresponds to its own projective cover denoted by PH,V . These
indecomposable projective functors PH,V can be seen as summands of the Burnside functor. Let us
remind some facts about this latter functor.
The Burnside ring B(G) of a ﬁnite group G is by deﬁnition the abelian group generated by sym-
bols [S], one for each isomorphism class of ﬁnite G-sets S , with relations [S unionsq T ] = [S] + [T ] and
with multiplication deﬁned by [S][T ] = [S × T ] and extended by linearity. Moreover, if R is a full
set of non-conjugate subgroups of G , then B(G) ∼=⊕H∈R Z[G/H] where Z[G/H] is the free group
of rank 1 with basis the isomorphism class of the G-set G/H . The Burnside functor, denoted BG , is
the Mackey functor deﬁned by BG(H) = k ⊗Z B(H) for every H  G . The module BG(H) will often
be denoted B(H) and the basis elements of B(H) will be denoted H/K (instead of [H/K ]), for every
K  H . The applications of induction, restriction and conjugation originate from the corresponding
ones for G-sets. Explicitly, if K  H  G and g ∈ G , these applications are deﬁned for transitive G-sets
by I HK (K/ J ) = H/ J , RHK (H/ J ) =
⊔
g∈[K\H/ J ] K/(K ∩ g J ) and cg(H/ J ) = g H/g J . The Burnside functor
is a projective Mackey functor and it plays a central role in the study of indecomposable projective
Mackey functors, due to the following result (see [5, Theorem 8.6]).
Theorem 1.3. The multiplicity of PH,V as a summand of BK↑GK is dim(SH,V (K )); that is BK↑GK ∼=⊕
(H,V ) dimk(SH,V (K )) · PH,V , where the sum is taken over pairs (H, V ) where H is a subgroup of G, up
to conjugation, and V is a simple kNG(H)-module, up to isomorphism. In particular, if G is a p-group, then
SH,k ∼= BH↑GH .
One way to better understand the structure of the projective Mackey functors is to use some
particular type of Mackey functors, called -functors, which were introduced by Webb in [7]. Indeed,
every projective Mackey functor possesses a ﬁltration, whose quotients are -functors. Let us mention
some known facts about these functors.
Deﬁnition 1.4. Let G be a group, H a subgroup of G and U a kNG(H)-module. The functor  for H
and U is deﬁned by H,U = (InfNG (H)NG (H) F QU )↑
G
NG (H)
, where F QU is the ﬁxed quotient functor (see [6,
Section 6]).
Webb has proved that any projective Mackey functor possesses a -ﬁltration, that is a ﬁltration
with quotients isomorphic to some -functors. In the case of a p-group P , we may explicitly con-
struct this ﬁltration and thus give the corresponding quotients indexed by permutation modules (see
[7, Theorem 7.1 and Lemma 4.1]).
Proposition 1.5. Let H be a subgroup of a p-group P and let H1 = 1, H2, . . . , Hr be the subgroups of H, up
to H-conjugation, ordered in such a way that if Hi is conjugate to a subgroup of H j , then i  j. The projective
Mackey functor PH,k possesses a -ﬁltration 0 = M0 ⊆ M1 ⊆ · · · ⊆ Mr = PH,k whose quotients are equal to
Mi/Mi−1 = HHi ,k↑PH ∼= PHi ,kNP (Hi)/NH (Hi)
for every i = 1, . . . , r.
2. Burnside functors and-functors
As Mackey functors are modules over a ﬁnite-dimensional algebra, every indecomposable projec-
tive Mackey functor PH,V has a unique simple quotient SH,V . We will now discuss the dual question:
what are the simple Mackey subfunctors of an indecomposable projective Mackey functor? Contrary
to the case of group algebras, this is an interesting question, since the Mackey algebra for a group G
is usually not self-injective. In fact μk(G) is self-injective if and only if p2 does not divide the order
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-ﬁltration of the previously introduced projective functors.
Let P be a p-group and k an algebraically closed ﬁeld of characteristic p. In this context, simple
and indecomposable projective Mackey functors are indexed only by a subgroup of P , since the only
simple kH-module is the trivial module k, for every p-group H . Let us begin by studying the socle of
a -functor indexed by the trivial subgroup and a permutation module.
Proposition 2.1. The socle of the Mackey functor 1,kP/H = F QkP/H equals SH,k. In particular, the simple
functor SH,k is a subfunctor of the projective functor PH,k.
Proof. By Theorem 12.7 of [5], PH,k(1) = kP/H . Moreover, Lemma 12.4 of [5] states that there is
an epimorphism PH,k → F P PH,k(1) ∼= F PkP/H ∼= (F QkP/H ) = 1,kP/H where the second isomorphism
comes from the fact that (F PV ) ∼= F Q V  (see [5, Proposition 4.1]) and that (kP/H) ∼= kP/H . Hence,
SH,k is the unique simple quotient of 1,kP/H . Therefore, by duality, the socle of 1,kP/H is SH,k ,
since SH,k is self-dual. Using the -ﬁltration of the projective functor PH,k = (BH )↑PH , we obtain that
1,kP/H is a subfunctor of PH,k . Consequently, SH,k is a direct summand of the socle of PH,k . 
Lemma 2.2. Let H and L be subgroups of a group G. Then SGH,k↓GL ∼=
⊕
g∈I S Lg H,k, where I is equal to[L \ TG(H, L)/NG(H)].
Proof. By deﬁnition, SGH,k = (InfNG (H)NG (H) S
NG (H)
1,k )↑GNG (H) and hence, using Mackey formula,
SGH,k↓GL = SNG (H)H,k ↑GNG (H)↓GL =
⊕
g∈I
(
cg
(
SNG (H)H,k ↓NG (H)NLg (H)
))↑LNL(g H).
Moreover, if K  NLg (H), then
SNG (H)H,k ↓NG (H)NLg (H)(K ) = S
NG (H)
H,k (K ) = S
NLg (H)
H,k (K )
meaning that SNG (H)H,k ↓NG (H)NLg (H) = S
NLg (H)
H,k , since k is also a simple NLg (H)-module. Similarly if K 
NL(g H), then
cg
(
S
NLg (H)
H,k
)
(K ) = SNLg (H)H,k
(
K g
)= I K g/H1 (k) = I K/g H1 (k) = SNL (g H)g H,k (K ),
or in other words, cg(S
NLg (H)
H,k ) = SNL (
g H)
g H,k . Consequently,
SGH,k↓GL =
⊕
g∈I
SNL (
g H)
g H,k ↑LNL(g H) =
⊕
g∈I
S Lg H,k,
where the last equality comes from the deﬁnition of the functor SLg H,k , for g ∈ I . 
Remark. In the case where G = P is a p-group, this proof can be simpliﬁed, using Lemma 1.2. In-
deed, it follows that the restriction of S PH,k to a subgroup L is isomorphic to the direct sum of the
simple functors SLH ′,k , where H
′ runs through a set of representatives of L-conjugacy classes of the P -
conjugates of H which are contained in L. Moreover, for a description of the restriction of any simple
Mackey functor for a group G , see [2, Proposition 2.10].
This last result enables us to determine the socle of the -functors which arise as quotient in a
-ﬁltration of an indecomposable projective Mackey functor.
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functor S PNH ( J ),k.
Proof. Let M = InfNP ( J )
NP ( J )
F QkNP ( J )/NH ( J ) . Let us remark that
HJ ,k↑PH ∼= PJ ,IndNP ( J )NH ( J )(k)
= M↑PNP ( J ),
where the ﬁrst isomorphism is given by Lemma 4.1 of [7]. Let S = SL,k be a simple subfunctor of
HJ ,k↑PH . As induction is the adjoint of restriction (see [6, Proposition 4.2]),
0 = Homμk(P )
(
S,M↑PNP ( J )
)∼= Homμk(NP ( J ))(S↓PNP ( J ),M).
This implies that L P NP ( J ) (see Lemma 2.2), and in this case,
0 = Homμk(NP ( J ))
(
S↓PNP ( J ),M
)∼= Homμk(NP ( J ))
(⊕
g∈I
SNP ( J )g L,k ,M
)
∼=
⊕
g∈I
Homμk(NP ( J ))
(
SNP ( J )g L,k ,M
)
,
where I = [NP ( J ) \ T P (L,NP ( J ))/NP (L)]. By Proposition 2.1, the socle of the functor F QkNP ( J )/NH ( J )
is equal to SNP ( J )
NH ( J ),k
, hence Soc(M) = SNP ( J )NH ( J ),k using properties of inﬂation (in particular the inﬂation
functor has a right and a left adjoint, see [6, Proposition 5.1]). Thus, there exists a unique g ∈ I
such that SNP ( J )g L,k = SNP ( J )NH ( J ),k , and therefore, such that g L =NP ( J ) NH ( J ). In particular, L is conjugate to
NH ( J ). Consequently, the socle of HJ ,k↑PH = M↑PNP ( J ) equals (S PNH ( J ),k)m for some integer m  1. Let
S = S PNH ( J ),k . Then, on the one hand,
Homμk(P )
(
S,M↑PNP ( J )
)= Homμk(P )(S, Sm)= Homμk(P )(S, S)m ∼= km
and on the other hand, using Lemma 2.2,
Homμk(P )
(
S,M↑PNP ( J )
)∼= Homμk(NP ( J ))(S↓PNP ( J ),M)
∼= Homμk(NP ( J ))
(⊕
g∈I
SNP ( J )g NH ( J ),k,M
)
∼=
⊕
g∈I
Homμk(NP ( J ))
(
SNP ( J )g NH ( J ),k, S
NP ( J )
NH ( J ),k
)
∼= k,
where I = [NP ( J ) \ T P (NH ( J ),NP ( J ))/NP (NH ( J ))] and where the last isomorphism comes from the
fact that there is only one g ∈ I for which the corresponding term of the direct sum is non-zero.
Indeed, Homμk(NP ( J ))(S
NP ( J )
g NH ( J ),k
, SNP ( J )NH ( J ),k) is zero, unless
gNH ( J ) and NH ( J ) are conjugate in NP ( J ),
and if that were the case, there would be an x ∈ NP ( J ) such that xg ∈ NP (NH ( J )), implying that
g = x−1 = 1 in I . Consequently, m = 1. 
This last result gives us information about the socle of indecomposable projective Mackey functors
for a p-group.
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conjugation. Then, Soc(PH,k) =⊕ri=1(S PNH (Hi),k)mi , with 0mi  1 for each i = 1, . . . , r.
Proof. By Proposition 1.5, the projective Mackey functor PH,k has a ﬁltration with quotients HHi ,k↑PH ,
for every i = 1, . . . , r, where H1, . . . , Hr are the subgroups of H , up to H-conjugation. Proposition 2.3
leads us to Soc(HHi ,k↑PH ) = S PNH (Hi),k , and if S is a simple subfunctor of PH,k , then there exists an
index i such that S is a direct summand of the socle of HHi ,k↑PH . 
In the case where the group P is abelian, we immediately obtain the following result.
Corollary 2.5. Let P be an abelian p-group and H  P . The socle of the functor PH,k only contains simple
functors isomorphic to SH,k. Moreover, the number of simple summands in a decomposition of Soc(PH,k) does
not exceed n, where n is the number of subgroups of H, up to H-conjugation.
Remark. We can prove directly that the socle of BP only possesses simple subfunctors isomorphic to
S P ,k when P is abelian. Indeed, suppose that S ∼= SH,k is a subfunctor of BP with H < P . In this case,
S(H) = kx, where x =∑LH H λL · H/L ∈ BP (H) = B(H) is an element on which the group P/H acts
trivially. Moreover, as S(P ) = 0 (see Lemma 1.2) one must have 0 = I PH (x) =
∑
LH H λL · P/L, which
forces all coeﬃcients λL to be zero (in the non-abelian case, non-conjugate subgroups K and L in H
may become conjugate in P and thus the elements P/K and P/L are equal in B(P )).
Proposition 2.4 gives us a ﬁrst idea of the simple subfunctors of a projective Mackey functor;
the main problem is then to determine the integers mi and this is a diﬃcult question even for small
groups. Nevertheless, we are able to calculate this socle in some cases, using the socle of the Burnside
functor.
Proposition 2.6. Let H be a subgroup of a p-group P . If the socle of the functor BH , for the group H, equals
(SHH,k)
m for some integer m 1, then the socle of the functor PH,k equals (S PH,k)m.
Proof. Let S = S J ,k be a simple subfunctor of PH,k ∼= BH↑PH . Then, using the properties of adjunction
between induction and restriction (see Proposition 4.2 of [6]), by Theorem 1.3 and by Lemma 2.2, we
obtain
0 = Homμk(P )
(
S, BH↑PH
)∼= Homμk(P )(S↓PH , BH)∼= Homμk(H)
(⊕
g∈I
SHg J ,k, B
H
)
,
where I = [H \ T P ( J , H)/NP ( J )]. As the socle of BH equals (SHH,k)m , there exists an element g ∈ I
such that g J = H . Hence, the subgroup J is conjugate to H and thus Soc(P PH,k) = Sn where S = S PH,k .
Moreover, as S PH,k↓PH = SHH,k (see Lemma 2.2),
kn ∼= Homμk(P ) (S, PH,k) ∼= Homμk(P )
(
S, BH↑PH
)∼= Homμk(P )(S↓PH , BH)
∼= Homμk(H)
(
SHH,k, B
H)∼= km
and consequently n =m. 
The Burnside functor therefore plays a central role in the study of the socle of projective functors
and more particularly when its socle only contains simple functors indexed by P . In particular, this
is true when P is abelian: in which case, Soc(BP ) = (S P ,k)m . The main problem is to determine this
integer m. The next section is dedicated to the study of this problem, focusing on the case of small
abelian groups.
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Our goal is to get information about the multiplicity of subfunctors of BP , which are all isomorphic
to S P ,k , by Corollary 2.5.
Proposition 3.1. Let P be an abelian p-group. The socle of B P is isomorphic to SmP ,k, where m is equal to the
dimension of the kernel K (P ) of the application
R :=
s∏
i=1
RPHi : B(P ) −→
s∏
i=1
B(Hi),
where H1, . . . , Hs are the maximal subgroups of P and where R PHi is the application deﬁned on the generators
of B(P ) by RPHi (P/K ) = [P : Hi K ] · Hi/(Hi ∩ K ), for every i.
Proof. As
S P ,k(H) =
{
k if H = P ,
0 otherwise
(see Lemma 1.2), a simple subfunctor of B(P ) will be fully described by an element x ∈ BP (P ), such
that the restriction of x to any subgroup of P is zero. The number of simple subfunctors of BP is thus
equal to the dimension, over k, of the kernel of the application
R :=
s∏
i=1
RPHi : B(P ) −→
s∏
i=1
B(Hi).
Moreover, as P is abelian, R is deﬁned by
R(P/K ) =
s∏
i=1
( ∐
x∈[Hi\P/K ]
Hi/
(
Hi ∩ xK
))= s∏
i=1
[P : Hi K ] · Hi/(Hi ∩ K ). 
We will ﬁrst study the vector space K (P ) in the cases where P is cyclic and where P is elementary
abelian. In order to do so, let us point out that we can split the problem into a direct sum of smaller
vector spaces.
Proposition 3.2. Let P be an abelian p-group. The kernel K (P ) of the application R above is graded by the
order of subgroups of P ; or in other words, if P is of order pr , then K (P ) =⊕rl=1 K (P )l , where
K (P )l =
{
m∑
i=1
λi · P/Ki ∈ K (P )
∣∣∣ Ki is of order pl for every i = 1, . . . ,m
}
.
Proof. As RPH (
∑m
i=1 λi · P/Ki) =
∑m
i=1 λi · [P : HKi] · H/(H ∩ Ki) for every maximal subgroup H of P ,
the terms of the sum corresponding to a Ki  H are all zero. Moreover, if Ki  H , then [P : HKi] = 1.
If H/(H ∩ Ki) = H/(H ∩ K j) and HKi = HK j = P , let us remark that
|Ki | = |HKi | · |H ∩ Ki ||H| =
|HK j | · |H ∩ K j |
|H| = |K j|.
Given x =∑mi=1 λi · P/Ki ∈ K (P ), there exist elements x1, . . . , xr ∈ B(P ) such that x = x1 + · · ·+ xr and
such that, for every j, the P/H which appear in x j satisfy |H| = p j . Thus, all that is left to show
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Let x j =∑i λ j,i · P/K j,i , for every j = 1, . . . , r. For each maximal subgroup H of P , we then have
0 = RPH (x) = y1 + · · · + yr , where
y j = RPH (x j) =
∑
i such that
K j,iH
λ j,i · H/(H ∩ K j,i).
If there exists an index j such that y j = 0, then there exists a coeﬃcient μ of y j such that μ ·H/ J = 0
where J = H ∩ K j,i for some i. But the term H/ J does not appear in any other yl . Indeed, if there
exist indexes l = j and u such that H ∩ Kl,u = J = H ∩ K j,i and Kl,u  H , the remark above leads us
to pl = |Kl,u | = |K j,i | = p j , which contradicts the hypothesis l = j. Thus, y j = 0 for every j = 1, . . . , r.
Hence, each x j belongs to K (P ) for every j = 1, . . . , r. 
Let us begin with the case of a cyclic p-group.
Proposition 3.3. If P = Cpn is a cyclic p-group of order pn, then dimk(K (P )) = n and consequently, the socle
of B P equals SnP ,k.
Proof. For every 1  l  n − 1, there exists a unique subgroup of P of order pl and that is iso-
morphic to Cpl . We then have R
P
Cpn−1
(P/Cpl ) = [P : Cpn−1 ] · Cpn−1/Cpl = 0. Moreover, RPCpn−1 (P/P ) =
Cpn−1/Cpn−1 = 0 and consequently, K (P ) =
⊕n−1
i=0 kP/Cpi . We conclude thanks to Proposition 3.1. 
Corollary 3.4. Let P be a p-group and H ∼= Cpn a cyclic subgroup of P , with n 1. The socle of the projective
Mackey functor PH,k is equal to (SH,k)n.
Proof. Given the previous proposition, Soc(BH ) = (SHH,k)n and thus, by Proposition 2.6, Soc(PH,k) =
(S PH,k)
n . 
We shall now exhibit some particular elements of K (P ), for an abelian p-group P .
Proposition 3.5. Let J be a subgroup of a p-group P and H amaximal subgroup of P which does not contain J .
The element a J :=∑K<· J P/K , where K <· J means that K is a maximal subgroup of J , belongs to the kernel
of the restriction RPH . Moreover, if P is abelian, then the element a J belongs to K (P ).
Proof. Let us write a J = ∑vi=1 P/Ki , where Ki are the maximal subgroups of J . Without lost of
generality, we may assume that J ∩ H = K1. Indeed, J ∩ H is maximal in J , as H is maximal in
P and does not contain J ; thus
[ J : J ∩ H] = [ J H : H] = [P : H] = p.
This implies that RPH (
∑v
i=1 P/Ki) =
∑
x∈[P/H] H/(xK1)+
∑v
i=2 H/(H∩ Ki). One should then notice that
H ∩ Ki is a maximal subgroup of K1, for every i = 2, . . . , v . Indeed, H ∩ Ki is contained in H ∩ J = K1
and
[K1 : H ∩ Ki] = [K1 : J ∩ H ∩ Ki] = [K1 : K1 ∩ Ki] = [K1Ki : K1] = [ J : Ki].
The subgroup K1 possesses w = 1 + p + · · · + ps−1 maximal subgroups, say L1, . . . , Lw , where s =
rp(K1) is the p-rank of K1. We may then represent the situation in the following way:
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K1 K2 . . . Kv
L1 L2 . . . Lw
Let ui be the number of maximal subgroups in J containing a ﬁxed subgroup Li . The integer ui is
then congruent to 1 modulo p. Indeed, as Li is a normal subgroup of K1, either N J (Li) = K1 and in
this case Li is only contained in K1 and ui = 1 (since if Li is contained in a K j for j = 1, then Li is
normal in K j) or N J (Li) = J , and in this case ui is equal to the number of maximal subgroups (so
isomorphic to Cp) in J/LiΦ( J ), hence congruent to 1 modulo p by Theorem 4.8 of [3].
Therefore, each subgroup Li is contained in K1 and in ui − 1 other subgroups K j for j = 1. By
gathering all the K j such that H ∩ K j = Li , for any ﬁxed index i, we obtain that (ui − 1) · H/Li = 0
since ui ≡ 1 mod p. Consequently,
v∑
j=2
H/(H ∩ K j) =
w∑
i=1
(ui − 1) · H/Li = 0.
Next, let us remark that, as J is not of subgroup of H , NP ( J ) is not a subgroup of H . Thus,
HNP ( J ) = P and consequently
NP ( J )/NH ( J ) ∼= NP ( J )/
(
H ∩ NP ( J )
)∼= HNP ( J )/H ∼= P/H .
Moreover, if x ∈ [NP ( J )/NH ( J )], then xK1 = x(H ∩ J ) = H ∩ J = K1. We then obtain
∑
x∈[P/H]
H/
(xK1)= ∑
x∈[NP ( J )/NH ( J )]
H/
(xK1)= p · H/K1 = 0,
which proves that RPH (a J ) = 0. Finally, if P is abelian and if H is a maximal subgroup of P contain-
ing J , then
RPH (a J ) = RPH
(
v∑
i=1
P/Ki
)
= [P : H] · H/Ki = 0
as Ki  H for every i = 1, . . . , v . Consequently, the element a J belongs to the kernel of all restrictions
to maximal subgroups of P ; or in other words, a J ∈ K (P ). 
Unfortunately, these elements a J , for any subgroup J of P of order pu , do not in general generate
K (P )u−1. As a matter of fact, there even is a computer generated counterexample for the group (C3)4
and u = 3. However, when u = r, where |P | = pr , the element aP generates K (P )r−1.
Proposition 3.6. Let P be a p-group and let x =∑Hi<· P λi · P/Hi ∈ K (P ). Then, all the coeﬃcients λi are
equal. In particular, if P is an abelian p-group of order pr , the subspace K (P )r−1 of B(P ) is generated by the
element aP =∑H<· P P/H.
Proof. First of all, let us show that we may restrict ourselves to the case where P is elementary
abelian.
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Φ = Φ(P ) is the Frattini subgroup of P . Let us remark that x = Inf PP/Φ(y). Moreover, for every max-
imal subgroup H of P , we have RPH Inf
P
P/Φ = Inf HH/Φ RP/ΦH/Φ , and, as DefPP/Φ Inf PP/Φ = id, it follows that
x ∈ K (P ) if and only if y ∈ K (P/Φ). Consequently, we may prove the result for P/Φ; or in other
words, we may assume that P is elementary abelian, say P = (Cp)r .
Let H1, . . . , Hs be the maximal subgroups of P , where s = 1 + p + · · · + pr−1. We then have
RPH j (P/Hi) = H j/(H j ∩ Hi) for every j = i. Moreover, as Hi is a maximal, hence normal, subgroup
of P ,
RPHi (P/Hi) =
∑
x∈[P/Hi ]
Hi/
(
Hi ∩ xHi
)= p · Hi/Hi = 0.
Consequently, as the element x =∑si=1 λi · P/Hi belongs to K (P ),
0 = RPH j
(
s∑
i=1
λi · P/Hi
)
=
∑
i = j
λi · H j/(H j ∩ Hi) (3.6.1)
for every j = 1, . . . , s. Let L := Hv ∩ Hw be the intersection of two distinct hyperplanes. The subgroup
L is a normal in P , since it is the case for Hv and Hw by maximality. Moreover, P/L is a group
of order p2 with two distinct non-trivial subgroups: Hv/L and Hw/L. Hence, P/L is isomorphic to
Cp ×Cp . Therefore, L is contained in p+1 maximal subgroups of P , say Hα1 , . . . , Hαp+1 (among which
Hv and Hw ). Observing the coeﬃcient of Hαu/L in Eq. (3.6.1), for every u = 1, . . . , p + 1, we obtain
the following system of equations:
∑
i =u λαi = 0, whose corresponding matrix is given by:
M =
⎛
⎜⎜⎜⎜⎝
0 1 1 · · · 1
1 0 1 · · · 1
1 1 0 · · · 1
.
.
.
.
.
.
. . .
. . .
.
.
.
1 1 · · · 1 0
⎞
⎟⎟⎟⎟⎠ ∈ Mp+1(k).
As the characteristic of k is p, the rank of M is p. Hence, dim(Ker(M)) = 1 and, more precisely,
Ker(M) = 〈t(1,1, . . . ,1)〉. Thus, the coeﬃcients of x corresponding to subgroups containing L are all
equal. In particular, we deduce that λv = λw . As this result is true for every subgroup L which is an
intersection of any two hyperplanes, it follows that λ1 = · · · = λs . 
To sum up, if P is an abelian p-group, the kernel K (P ) of the application R is graded: K (P ) =⊕
j K (P ) j , where each K (P ) j is constituted of elements of K (P ) of the form
∑
i λi · P/Ki , where
|Ki | = p j (Proposition 3.2). We have just seen that K (P )r−1 is generated by the element aP (Propo-
sition 3.6). Notice also that K (P )0 is generated by P/1 and that K (P )r = 0. We will now study the
subspace K (P )1 where P is an abelian elementary p-group.
Proposition 3.7. Let P be an abelian elementary group of order pr . The subspace K (P )1 is of dimension
s − ( p+r−2
r−1
)
where s = 1+ p + · · · + pr−1 is the number of subgroups of P of order p.
Proof. We can identify P with an Fp-vector space of dimension r, whose subspaces correspond to
subgroups of P . From this point of view, let D1, . . . , Ds be the lines of P and H1, . . . , Hs the hyper-
planes of P , where s = 1+ p + · · · + pr−1.
First of all, if r = 2, then there are p + 1 lines, say D1, . . . , Dp+1 (which are also the hyperplanes);
and by Proposition 3.6, we obtain that K (P )1 is generated by aP =∑p+1i=1 P/Di .
Let us suppose that r > 2. Then, K (P )1 may be characterized in the following way:
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{
s∑
i=1
λi · P/Di
∣∣∣ s∑
i=1
λi[P : HDi] · H/(H ∩ Di) = 0 for all H <· P
}
=
{
s∑
i=1
λi · P/Di
∣∣∣ ∑
i such that
DiH j
λi · H j/(H j ∩ Di) = 0 for j = 1, . . . , s
}
=
{
s∑
i=1
λi · P/Di
∣∣∣ ∑
i such that
DiH j
λi = 0 for j = 1, . . . , s
}
as Di ∩ H j = 1 if Di  H j . For 1 u  r, let Fp[Su] be the Fp-vector space with basis the subspaces
of dimension u of P .
Considering now the applications Fp[Sr−1] ϕ−→ Fp[S1] ψ−→ Fp[Sr−1] which are deﬁned by
ϕ(H) =
∑
D<H
dim(D)=1
D and ψ(D) =
∑
HD
dim(H)=r−1
H,
the kernel of ψ may be identiﬁed with K (P )1. Indeed,
Ker(ψ) =
{
s∑
i=1
λi · Di
∣∣∣ s∑
i=1
λi
∑
H jDi
H j = 0 for every j = 1, . . . , s
}
=
{
s∑
i=1
λi · Di
∣∣∣ s∑
j=1
( ∑
DiH j
λi
)
H j = 0 for every j = 1, . . . , s
}
∼= K (P )1.
Next, note that the image of ϕ is contained in the kernel of ψ , as
ψϕ(H) = ψ
( ∑
D<H
dim(D)=1
D
)
=
∑
D<H
dim(D)=1
∑
KD
dim(K )=r−1
K =
∑
K
dim(K )=r−1
( ∑
D<H, D≮K
dim(D)=1
1
)
K .
In addition, the last term is zero, as p divides the cardinality of the set
E = {D < H ∣∣ dim(D) = 1, D ≮ K}.
Indeed, Card(E) = pr−2 since in a ﬁxed hyperplane H , there are 1+ p+· · ·+ pr−2 lines, among which
1+ p + · · · + pr−3 are also contained in a hyperplane K distinct of H . Let M be the matrix of ϕ and
L the matrix of ψ , for the bases B1 = {D1, . . . , Ds} and B2 = {H1, . . . , Hs}. In fact, M is the incidence
matrix between lines and hyperplanes of P (for the relation of inclusion); or in other words,
Mi, j =
{
1 if Di  H j,
0 otherwise.
In particular, M possesses exactly 1 + p + · · · + pr−2 = s − pr−1 times the element 1 for each row
and each column, and zeroes elsewhere. Thus, if J is the matrix deﬁned by J i, j = 1, for every i, j =
1, . . . , s, then J · M = J . Moreover, (tM · M)i j =∑sk=1 Mki · Mkj = 1. Indeed, if 1 k s, then
Mki · Mkj =
{
1 if Dk < Hi and Dk < H j,
0 otherwise,
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and these two numbers are congruent to 1 modulo p. Consequently, tM ·M = J . Similarly, one proves
that M · tM = J using the fact that in a ﬁxed hyperplane, the number of lines is congruent to 1
modulo p. Next, note that L, the matrix of ψ is deﬁned by
Li, j =
{
1 if D j ≮ Hi,
0 otherwise;
or in other words, that L = J − tM .
Let us show that rank(L) = rank(M) − 1. Since the rank of M is equal to the rank of tM , all we
need to prove is that rank(L) = rank(tM) − 1. First of all, the ranks of these matrices differ of at
most 1. Indeed, by subtracting in these two matrices the ﬁrst row from each other row, we obtain
matrices L′ and M ′ respectively, such that all the rows of L′ are the same as those of −M ′ , except
for the ﬁrst one. As dim(Fp[S1]) = dim(Fp[Sr−1]), the dimension of the kernels of these matrices
also differ of at most 1. In addition, we have Ker(tM) ⊆ Ker( J − tM), since if x belongs to the kernel
of tM , then ( J − tM)(x) = MtM(x) − tM(x) = 0. Finally, the element t(1, . . . ,1) belongs to the kernel
of J − tM , since this matrix possesses exactly pr−1 times the element 1 in each row and each column
(and 0 elsewhere), but does not belong to the kernel of tM , since tM possesses s − pr−1 times the
element 1 in each row and in each column (and 0 elsewhere) and s− pr−1 ≡ 1 mod p. Consequently,
we obtain dim(Ker(tM)) = dim(Ker(L)) − 1.
Therefore, dim(K (P )1) = dim(Ker(ψ)) = s − rang(L) = s − rang(M) + 1. Moreover, the rank of
the incidence matrix M has been calculated by Smith (see Theorem 2.6.3 of [4]) and is equal to
1+ ( p+r−2
r−1
)
. 
This result enables us to compute the socle of the Burnside functor in the case of an abelian
elementary group of order less or equal to p3.
Theorem 3.8. If P = (Cp)2 , then Soc(BP ) = (S P ,k)2 , and if P = (Cp)3 , then Soc(BP ) = (S P ,k)n, where
n = p2+p+62 .
Proof. We know that dim(K (P )0) = 1, dim(K (P )r−1) = 1 and dim(K (P )r) = 0 for every elementary
abelian group of order pr . Thus, if P = (Cp)2, the dimension of K (P ) is equal to 2. If P = (Cp)3, then
dim(K (P )1) = p2+p+62 and consequently, dim(K (P )) = 1+ 1+ p
2+p+2
2 = p
2+p+6
2 . 
Corollary 3.9. Let P be a p-group and H a subgroup of P .
(i) If H ∼= (Cp)2 , then Soc(P PH,k) = (S PH,k)2 .
(ii) If H ∼= (Cp)3 , then Soc(P PH,k) = (S PH,k)d, where d = p
2+p+6
2 .
Proof. In each case, we know the socle of the corresponding Burnside functor BH , by Theorem 3.8.
As this socle only contains simple functors of type SHH,k in both cases, we conclude using Proposi-
tion 2.6. 
We will now deal with the case of an abelian p-group P of rank 2. Like before, we have to de-
termine the dimension of the vector space K (P ) to obtain the number of simple Mackey subfunctors
of B(P ) (which are all isomorphic to S P ,k). In order to do so, we shall exhibit a basis of K (P ).
Proposition 3.10. Let P = Cpn × Cpm , with 1 n m and let Φ = Φ(P ) denote the Frattini subgroup of P .
Every subgroup K of Φ such that rp(Φ/K ) = 1, satisﬁes rp(P/K ) = 2. Thus, there are p + 1 subgroups of P ,
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in Φ . The family B given by
{ ∑
H<· P
P/H, P/L, P/K1 − P/Ki
∣∣∣ L Φ, K < Φ, rp(Φ/K ) = 1, i = 2, . . . , p
}
is a basis of K (P ).
Proof. Let us keep in mind the three following properties that are going to be used throughout the
proof:
(i) If K Φ , then (P/K )/(Φ/K ) ∼= P/Φ ∼= Cp × Cp and thus rp(P/K ) = 2.
(ii) If Hi and H j are maximal distinct subgroups of P , then Φ = Hi ∩ H j , since Φ  Hi ∩ H j and
[P : Hi ∩ H j] = [P : Hi][Hi : Hi ∩ H j] = p · [P : H j] = p2 = [P : Φ].
(iii) If J < P is such that J  Φ , then Φ < JΦ < P , hence [ J : J ∩ Φ] = [ JΦ : Φ] = p; or in other
words, J ∩ Φ is of index p in J .
Let us begin by proving that the family B is free. If K is a ﬁxed subgroup of Φ such that rp(Φ/K ) = 1,
then it has to be contained in p + 1 minimal subgroups, K1, . . . , Kp+1 (as rp(P/K ) = 2 by the ﬁrst
remark above) and only one of them, say Kp+1, is in Φ as rp(Φ/K ) = 1. Thus, in order to show that
B is free, all one needs to prove is that the family of P/K1 − P/Ki for i = 2, . . . , p and K < Φ with
rp(Φ/K ) = 1, is free. In order to do so, let us show that each Ki mentioned above appears in only
one element of B. If J  P is such that J  Φ , then J ∩ Φ is of index p in J , thanks to property
(iii) above. Consequently, J possesses a unique maximal subgroup contained in Φ , namely J ∩ Φ .
Thus, each subgroup Ki appearing in B possesses a unique maximal subgroup K which is in Φ , and
therefore it can only appear once in B, thus proving that B is free.
Now, let us show that the family B generates K (P ). By Proposition 3.2, K (P ) is graded by the
order of the subgroups of P , and we denote by K (P )i the part of K (P ) corresponding to the sub-
groups of order pi . We know that K (P )nm = 0, that K (P )0 is generated by the element P/1 and,
by Proposition 3.6, that K (P )nm−1 is generated by the element
∑
H<· P P/H . Let 1  l  nm − 2 and
x =∑si=1 λi · P/ J i ∈ K (P )l . As Φ is the intersection of all maximal subgroups of P , if L Φ , then, for
every H <· P , we have L  H . So, [P : HL] = [P : H] = p and this implies RPH (P/L) = 0; or in other
words P/L ∈ K (P ) (it should be noted that the argument given here holds for an arbitrary p-group G
as long as L is a normal subgroup of G). Hence, if x = x1 + x2 where
x1 =
∑
i such that
J iΦ
λi · P/ J i
and where
x2 =
∑
i such that
J iΦ
λi · P/ J i,
then x2 ∈ K (P ) and thus it is the same for x1. We may then restrict ourselves to the case where the
subgroups J i appearing in x are not subgroups of Φ . If x = 0, then x is generated by the elements
of B. Assuming then that x = 0, and without lost of generality, that λ1 = 0, let us write x =∑si=1 λi ·
P/ J i . We can ﬁnally suppose that there is no proper non-empty subset I of {1, . . . , s} such that∑
i∈I λi · P/ J i belongs to K (P )l .
Using property (iii) stated earlier, J1 ∩Φ is of index p in J1, since J1 is not contained in Φ . Thus,
J1 ∩Φ is maximal in J1. Using the ﬁrst property above, rp(P/( J1 ∩Φ)) = 2. Therefore, there are p+1
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in Φ . It follows that rp(Φ/( J1 ∩Φ)) = 1 and thus, J1 ∩Φ is contained in Φ , in J1 and in p − 1 other
subgroups of P of order pl , which are not contained in Φ . Without lost of generality, we may assume
that these groups are J2, . . . , Jr, J˜ r+1, . . . , J˜ p , where J˜ u does not appear in x for any u = r + 1, . . . , p.
Consequently, J i ∩ Φ = J1 ∩ Φ , for i = 2, . . . , r. Indeed, J1 ∩ Φ  J i ∩ Φ and these two groups
have the same order, as | J1| = | J i | and as [ J1 : J1 ∩ Φ] = p = [ J i : J i ∩ Φ], using again the fact
that J i  Φ . Moreover, the subgroups J1, . . . , Jr are all contained in the same maximal subgroup
H0 of P (this subgroup is unique since the J i are not in Φ , by the second remark at the beginning
of the proof). Indeed, if H is a maximal subgroup of P such that J1 is not contained in H , then
H J1/ J1 ∼= H/( J1 ∩ Φ) = H/( J i ∩ Φ) ∼= H Ji/ J i , and as | J i | = | J1|, it implies that |H Ji | = |H J1| = |P |.
Thus H Ji = P ; or in other words J i  H , for i = 2, . . . , r. If H is a maximal subgroup of P , then
0 = RPH (x) = RPH
(
s∑
i=1
λi · P/ J i
)
=
∑
i such that
J iH
λi · H/(H ∩ J i).
If H = H0 > J1, then the indexes 1, . . . , r do not appear in this sum. If H  J1, then, the coeﬃcient
of H/(H ∩ J1) has to be zero, as RPH (x) = 0. Yet, H ∩ J1 = H ∩ H0 ∩ J1 = Φ ∩ J1, by the second
remark above. Thus, the coeﬃcient of H/(H ∩ J1) = H/(Φ ∩ J i), for every i = 1, . . . , r, is equal to λ1 +
· · · + λr . Hence, λ1 + · · · + λr = 0 and there is no other relation between λ1, . . . , λr . Consequently, the
element y =∑ri=1 λi · P/ J i belongs to K (P ) and thus, by our hypothesis, x = y. Finally, the condition
λ1 + · · · + λr = 0 enables us to write x = −∑ri=2 λi(P/ J1 − P/ J i), where J1, . . . , Jr are subgroups
which do not belong to Φ and which contain J1 ∩ Φ as a maximal subgroup. Hence, the family B
generates K (P ). 
We are now able to calculate the dimension of the space K (P ), by determining the number of
elements of the family B of the previous proposition.
Proposition 3.11. Let P = Cpn × Cpm , with 1 nm. The socle of B P is equal to SdP ,k, where
d = n + 1+ p + 1
(p − 1)2
(
pn+1 − pn + pn−1 − p2 − (n − 2)(p − 1))+ m − n
p − 1
(
pn+1 − pn + pn−1 − 1).
In particular, if P = Cp × Cpm , then d =mp− p+ 2 and if P = Cp2 × Cpm , then d =m(p2 + 1)− p2 + p+ 1.
Proof. The socle of BP is equal to SdP ,k , where d is the number of elements of the family B deﬁned
in Proposition 3.10. We will use a result of Yeh which counts the number of subgroups of a ﬁxed
type in an abelian p-group (see [9, Theorem 1]). Hence, we obtain that the number of subgroups of
Φ(P ) = Cpn−1 × Cpm−1 is equal to N = n− 1+ (p + 1)(
∑n−2
i=0 pi(n− 1− i))+ (m−n) p
n−1
p−1 + 1. We then
have to count the number, say l, of proper subgroups K < Φ(P ) such that rp(Φ(P )/K ) = 1; or in other
words, such that the quotient Φ(P )/K is cyclic. Since Φ is abelian, l is equal to the number of proper
cyclic subgroups of Φ(P ). Theorem 1 of [9] actually tells us that l = (p + 1) pn−1−1p−1 + (m − n)pn−1.
Finally, the number of elements of B, and hence the dimension of K (P ), is equal to d = 1+N+(p−1)l
which, after some calculation, gives us the searched result. 
Corollary 3.12. Let P be a p-group and let H ∼= Cpn × Cpm for some integers 1  n  m, be an abelian
subgroup of rank 2 of P . Then, the socle of the functor P PH,k is equal to (S
P
H,k)
d where d is the integer deﬁned
in Proposition 3.11.
Proof. By Proposition 3.11, the socle of the Burnside functor BH for the group H is equal to (SHH,k)
d .
We conclude thanks to Proposition 2.6. 
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We have proved that if P is an abelian p-group, then the socle of the functor BP only contains sim-
ple functors of type S P ,k . Moreover, Proposition 2.6 tells us that if Soc(BH ) = (SHH,k)m where H  P ,
then Soc(P PH,k) = (S PH,k)m for the same integer m. The next question is then to know what are the
simple subfunctors of BP , and more precisely, in what case does the socle of BP only contain simple
functors of type S P ,k . This problem is very similar to the one of determining the kernel of the product
of restrictions. Therefore, we have to face the same kind of diﬃculty, and an explicit determination
of these subfunctors seems hard to ﬁnd. Nevertheless, we may give some conditions on these simple
subfunctors.
First of all, using Proposition 2.4 and the fact that BP = P P ,k , we see that the simple subfunctors
of BP are of type SH,k where H = NP ( J ) for some subgroup J of P . Moreover, if S ∼= SH,k is a
simple subfunctor of BP , then S(H) = kx, where x =∑i λi · H/Ki ∈ B(H) has to satisfy the following
conditions:
(i)
∑
i λi · H/g Ki = cg(x) = x =
∑
i λi · H/Ki , for every g ∈ NG(H),
(ii) 0 = I JH (x) =
∑
i λi · J/Ki , for every J > H ,
(iii) 0 = RHL (x) =
∑
i λi
∑
x∈[L\H/Ki ] L/L ∩ xKi , for every L < H .
We may then give a property on the maximal subgroup which appears in such an x.
Proposition 4.1. Let H be a proper subgroup of a p-group P . If S is a simple subfunctor of B P isomorphic to
SH,k, where S(H) = kx with x =∑i λi ·H/ J i , then the subgroups J i appearing in x with a non-zero coeﬃcient
are not maximal in H.
Proof. Let K (H) = Ker(∏L<H RHL ) be the kernel of the product of restrictions from H to every proper
subgroup, and let xl−1 = ∑si=1 λi · H/Ki be the sum of the terms of x where K1, . . . , Ks are the
maximal subgroups of H . Let us show that xl−1 belongs to K (P ). We may write x as
x = ν · H/H + xl−1 +
∑
J such that
[H : J ]>p
μ J · P/ J .
Thus, for every maximal subgroup L of H ,
0 = RHL (x) = ν · L/L +
s∑
i=1
λi
∑
u∈[L\H/Ki ]
L/
(
L ∩ u Ki
)+ ∑
J such that
[H : J ]>p
μ J
∑
v∈[L\H/ J ]
L/
(
L ∩ v J).
Without lost of generality, we may assume that K1 = L and, consequently, we obtain RHL (xl−1) =∑s
i=1 λi
∑
u∈[L\H/Ki ] L/(L ∩ u Ki) =
∑s
i=2 λi · L/(L ∩ Ki). Supposing that RHL (xl−1) = 0, there exists an
index i, say i = 2, such that λi = 0. Moreover, the equation 0 = RHL (x) implies that there exists a
subgroup J of H such that [H : J ] > p, and an element v ∈ [L \ H/ J ] such that the coeﬃcient of
L/(L ∩ v J ) in the expression RHL (x) is non-zero and such that L/(L ∩ K2) = L/(L ∩ v J ). As v J is of
index greater than p in H , v J has to be contained in L and consequently, v J = L∩ Ki . Thus, J = L∩ Ki
is normal in H and so RHL (μ J · H/ J ) = μ j · [H : L] · L/ J = 0 which contradicts the hypothesis that the
coeﬃcient of L/(L ∩ v J ) = L/ J is non-zero. Hence, RHL (xl−1) = 0 for every maximal subgroup L of H .
Therefore, xl−1 belongs to K (P ). By Proposition 3.6, all the coeﬃcients λi of xl−1 are equal; or in other
words, all the maximal subgroups of H appear with the same coeﬃcient in xl−1 hence also in x.
Let us ﬁx J such that H < · J . Let K be a normal subgroup of J , of index p2. Such a subgroup
exists since if J is cyclic, we take for K its unique subgroup of index p2 and otherwise, there exists a
subgroup H <· J distinct from H and we choose K = H∩H ′ . Therefore, there exists an index 1 j  s
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of J/K j in I
J
H (x) which is zero. Hence, every coeﬃcient of xl−1 is zero and thus, xl−1 = 0. 
Corollary 4.2. Let P be a p-group. If H = 1, C p , Cp2 or Cp × Cp is a proper subgroup of P , then SH,k is not a
subfunctor of B P .
Proof. Let us ﬁrst recall that if SH,k is a subfunctor of BP , the SH,k(H) = kx with x =∑i λi · H/Ki ∈
B(H), such that cg(x) = x for every g ∈ NG(H), I JH (x) = 0 for every J > H and RHK (x) = 0 for every
K < H . Moreover, the subgroups Ki that appear in x cannot be normal in P , otherwise I PH (x) = 0.
Thus, if P = 1, S1,k is not a subfunctor of BP . In addition, if H = 1, the subgroups Ki cannot be
equal to H , as RH1 (H/H) = 1/1 = 0. Therefore, SCp ,k cannot be a subfunctor of BP . Finally, x does not
contain any term of the form H/K where K is maximal in H . Thus, BP cannot possess subfunctors
isomorphic to SH,k for H = Cp2 or Cp × Cp . 
The natural question is then to know whether this result is still true for any proper subgroup H .
The answer is no, as we will see in the following example:
Example. Let us consider the group P = (Cp2 × Cp)  Cp where the action of Cp = 〈g〉 on H =
Cp2 × Cp = 〈a,b〉 is given by ga = a and gb = apb. This action is well deﬁned. Indeed, gp b = b since
gi b = aipb and thus, gp acts by the identity. The set of subgroups of H may be represented in the
following way:
H
H1 = 〈a〉 H2 = 〈ab〉 . . . Hp = 〈abp−1〉 Hp+1 = 〈ap,b〉
Φ(H) = 〈ap〉 K2 = 〈b〉 . . . Kp = 〈a(p−2)pb〉 Kp+1 = 〈a(p−1)pb〉
1
By Proposition 3.10, the kernel Ker(
∑
K<· H RHK ) has
B =
{ ∑
J<· H
H/ J , H/
〈
ap
〉
, H/1, H/〈b〉 − H/〈a(i−1)pb〉 for i = 2, . . . , p}
as a basis. We want to prove that the functor BP possesses a subfunctor S isomorphic to SH,k .
It amounts to ﬁrst determining an element x ∈ B(H) such that x ∈ Ker(∑K<· H RHK ), IGH (x) = 0 and
cu(x) = x for every u ∈ NP (H), then to deﬁning S(H) = kx.
Let us begin with the ﬁrst condition: x has to be a linear combination of elements of B. Yet, by
Proposition 4.1, the element
∑
J<· H H/ J cannot appear in x and in addition, the elements H/〈ap〉
and H/1 cannot appear in x (otherwise I PH (x) = 0, as the subgroups 〈ap〉 and 1 are normal in P ). This
implies that x must be of the following form
∑p
i=2 λi ·(H/〈b〉−H/〈a(i−1)pb〉). Moreover, gibg−i = aipb,
and therefore g
i−1 〈b〉 = 〈a(i−1)pb〉. Thus, I PH (H/〈b〉 − H/〈a(i−1)pb〉) = 0 for every i = 2, . . . , p, as the
subgroups 〈b〉 and 〈a(i−1)pb〉 are conjugate in P . There is one condition left to deal with: cu(x) = x
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P/H = 〈g〉. Thus, all that still needs checking is that cg(x) = x, and this equality is equivalent to
p∑
i=2
λi ·
(
H/〈b〉 − H/〈a(i−1)pb〉)= p∑
i=2
λi ·
(
H/
〈
apb
〉− H/〈aipb〉)
=
p+1∑
j=3
λ j−1 ·
(
H/
〈
apb
〉− H/〈a( j−1)pb〉).
The above equalities are veriﬁed if and only if λ2 = · · · = λp . Consequently, the element
x =
p∑
i=2
(
H/〈b〉 − H/〈a(i−1)pb〉)= − p∑
i=1
H/
〈
a(i−1)pb
〉
belongs to Ker(
∑
K<· H RHK ), to Ker(I PH ), and satisﬁes cu(x) = x for every u ∈ NP (H). Thus, the subfunc-
tor S of BP deﬁned by S(H) = kx is isomorphic to SH,k . In addition, we have proved that it is the
unique subfunctor of this kind.
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